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NOTES ON WEIERSTRASS POINTS OF MODULAR CURVES Xo{N) 


BO-HAE IM, DAEYEOL JEON AND CHANG HEON KIM 


Abstract. We give conditions when the fixed points by the partial Atkin-Lehner involutions 
on Xo{N) are Weierstrass points as an extension of the result by Lehner and Newman |16 |. 
Furthermore, we complete their result by determining whether the fixed points by the full 
Atkin-Lehner involutions on Xo{N) are Weierstrass points or not. 


1. Introduction 

Let ij be the complex upper half plane and L be a congruence subgroup of the full modular 
group SL 2 (Z). Denote by V(r) the modular curve obtained by compactifying the quotient r\ij. 
We can view V(r) as a compact Riemann surface analytically. For each positive integer N, we 
let Tq{N) be the Hecke subgroup of SL 2 (Z) defined by 

ro(iV) = |(^“ e SL 2 (Z) 1 c = 0 (modA)| 

and let Xo{N) := A(ro(A^)). 

We recall the definitions of a Weierstrass point of a compact Riemann surface and its Weier¬ 
strass weight as in [2]. One says that a point P of a compact Riemann surface X of genus g >2 
is a Weierstrass point of X if there is a holomorphic differential u (not identically zero) with a 
zero of order > g at P. It P € X and uii,U 2 , ■ ■ ■ form a basis for the holomorphic differentials 
on X with the property that 

0 = ordp(wi) < ordp(a; 2 ) < • • • < ordp(wg), 

then the Weierstrass weight of P is the non-negative integer defined by 

9 

wt(P) := - j + !)• 

i=i 

Note that wt(P) > 0 if and only if P is a Weierstrass point of X. 

The Weierstrass points of modular curves have been studied: Lehner and Newman m has 
given conditions when the cusp at infinity is a Weierstrass point of Xq(N) for N = 4n, 9n and 
Atkin [T] has given conditions for the case of A = p^n where p is a prime > 5. Also, Ogg 
Kohnen [MllIS] and Kilger m have given some conditions when the cusp at infinity is not a 
Weierstrass point of Xo(N) for certain N. And Ono [18] and Rohrlich [19] have investigated 
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Weierstrass points of Xq{p) for various primes p. Recently in [TT] we investigated Weierstrass 
points on coverings of Xo{N). 

The Weierstrass points have been illustrated as an important class in number theory. For 
example, they have been used to determine the group structure of the automorphism groups of 
compact Riemann surfaces. 

The main purpose of this paper is to give some conditions of being the Weierstrass points 
of Xo{N). To describe our main result in this paper more precisely, we recall the definition of 
the Atkin-Lehner involution. We call a positive divisor Q of N with gcd{Q,N/Q) = 1 an exact 

divisor of N and denote it by Q|| A^. For each Q|| A^, consider the matrices of the form 

with x,y, z,w G h and determinant Q. Then such a matrix defines a unique involution on Xq{N) 
which is called the Atkin-Lehner involution and denoted by Wq. If Q = N, then Wq is called 
the full Atkin-Lehner involution, and otherwise it is said to be a partial Atkin-Lehner involution. 
Sometimes we regard Wq as a matrix. 

Lehner and Newman m have shown that the fixed points by the full Atkin-Lehner involu¬ 
tion on Xq(N) are Weierstrass points except possibly for finitely many N which are listed in 
Lemma 13.31 In order to obtain the result, they have applied Schoneberg’s Theorem ([20]). Our 
main result in this paper is to determine explicitly when the fixed points by the partial Atkin- 
Lehner involutions on Xq(N) are Weierstrass points as an extension of the result by Lehner 
and Newman m- Also in this paper we give an algorithm to generate Fo(N)-inequivalent fixed 
points by the full Atkin-Lehner involution and we provide a computational method which can 
take care of the exceptional cases listed in Lemma 13.31 which are not covered in the Lehner and 
Newman [16| . 

This paper is organized as follows. In Section [2l we recall the formula m) for the number 
of fixed points on Xq{N) by the Atkin-Lehner involutions and explain algorithmically how to 
generate Fo(N)-inequivalent fixed points of Xq(N) by the full Atkin-Lehner involution Wjsf. In 
Section [3l we give conditions when fixed points by the Atkin-Lehner involutions are Weierstrass 
points. We apply the formula (|8|) of the number of fixed points on Xo{N) by the Atkin-Lehner 
involutions and Schoneberg’s Theorem ((SQ]), and we give some new formulae for the number 
of fixed points when so-called the elliptic condition (Definition I3.9|i is satisfied and apply them 
to obtain the conditions for Weierstrass points. In Section (H we consider the exceptional cases 
which are not determined solely by Schoneberg’s Theorem ([20]) and the formula given in [8], 
and we give a computational explanation how to determine whether they are Weierstrass points 
or not. 


(Qx y \ 
yXz Qw) 


2. Fixed points by Atkin-Lehner involutions 

Let Xq^ [N) be the quotient space of Ao(A^) by Wq. Let go{X) and gQ^{N) be the genera of 
Xq{N) and Xq^{N) respectively. Then gQ^{N) is computed by the Riemann-Hurwitz formula 
as follows: 

g^'^{N) = ^{2go{N) + 2-u{Q)), 

where ^{Q) := i'{Q;N) is the number of hxed points on Xq{N) by Wq. We recall the formula 
for o{Q). 
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Proposition 2.1. ([8]) For each Q\\N, v{Q) is given by 


^(Q) = j n I H-^Q) 

\P\N/Q / 

(ripIV/Q C2 

0 , 


+ 


h{—Q), if 4: < Q = 3 (mod 4), 
otherwise 


( 2 . 1 ) 


+ 


+ 


+ 


np|A/2 

.0, 

ripiAT/s + 

. 0 , 

Upl^\N/Q 

0 , 


ifQ = 2, 

otherwise 

ifQ = 3, 
otherwise 


ifQ = 4, 
otherwise 


where h{—d) is the class number of primitive quadratic forms of discriminant —d, 
Kronecker symbol and the functions Ci{p) are defined as follows: for i = 1,2, 


is the 


Ci{p) = 


ci{2) = { 


C2(2) =1 + 



if p 2 and Q = 3 (mod 4), 
ifp 2 and Q ^ 3 (mod 4), 

if Q = 1 (mod 4) and 2||iV, 
if Q = 1 (mod 4) and 4|A^, 
if Q = 3 (mod 4) and 2||A^, 
if Q = 3 (mod 4) and 4||A^, 
, if Q = 3 (mod 4) and8\N, 


if Q = 3 (mod 4). 


Next we give an algorithm to find ro(N')-inequivalent fixed points of Wn on Xo(N'). 

For a positive integer d conguent to 0 or 3 modulo 4, we denote by Qd the set of positive 
definite integral binary quadratic forms 

Q{x, y) = [a, b, c] := ax^ + bxy + cy"^ 

with discriminant —d = 6^ — 4ac. Then SL 2 (Z) acts on Qd by 

Q o 7 (x, y) = Q{px + qy, rx + sy) 

where 1 = (f 1) <= We say that a quadratic form [a.,,4 e Q, is prinuUve if 

gcd(a, 6, c) = 1. A primitive positive definite form [a,b,c] is said to be reduced if 
(2.2) |6| < a < c, and 6 > 0 if either |6| 


= a or a = c. 
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Let Q°^ C Qd be the subset of primitive forms. Then SL 2 (Z) also acts on As is well known, 
there is a 1-1 correspondence between the set of classes Q^/SL 2 (Z) and the set of reduced forms. 

Now for a fixed positive integer N we let d be a positive integer such that —d is congruent to 
a square modulo AN . We choose an integer jd with —d = (mod 4A^). Then we define 

Q°d,N = b, c\eQd\ gcd(a, b, c) = 1} 

and 

Qd,N,/3 = b, c] G Qd^N \ b ^ /3 (mod 21V)}. 

Then ro(A') acts on both and QdN^- Q ~ [aA^, 6, c] G O-dN define Q\Wn = 

[cA", —b,a]. We observe that this defines an action of Wn on the set ,n/^o{N). 

Assume that N > 5 and Wj\f fixes ro(A)r G Xq(N) for some r G ij. This means that 
(I? f) Wnt = T for some (fl f) G ro(A). Thus r satisfies a quadratic equation 

NsX'^ -{r + qN)X +p = 0, 

whose discriminant D is given by Zl = (r -|- qN)"^ — ApsN = {r' — q)‘^N‘^ — AN where r = r'N. 
Since D < 0, we come up with (r' — q)‘^N < A. Since we have assumed that A > 5, we must 
have r' — q = 0 and therefore D = —4A. Thus one has D = Aq^N‘^ — ApsN = —4A, which 
gives gcd(p, gA) = 1 and hence gcd(s, —2gA,p) = 1 or 2. If gcd(s, —2gA,p) = 2, then both p 
and s should be even. It then follows from ps — q^N = 1 that A = 3 (mod 4). Now we set 
Qr := [sA, —2qN,p\. Then we see that 

Qt G QlN,Nfl -jQr £ Qn,N,N 

where the latter case may happen only if A = 3 (mod 4). Let J-jv be the set of the fixed points 
of Wi\f on Xq{N) and let 

c / 24 iV, 7 V,o/ro(A^)UQ^,^yro(A), ifA^3 (mod 4) 
l 24 Af,N,o/ro(Al), otherwise, 

where the union is disjoint. Now we define a map (p : J-)v —^ by 


</.(ro(A)r) 


Qr, if (s,-2gA,p) = 1 
\Qr, if (s,-2gA,p) = 2. 


Then we can check easily (j) is well-defined. 

On the other hand, given a quadratic form Q G w o/^o(A^) or Q G Q% n jy we can 

find a fixed point ro(A)r G Xq{N) such that Q = 4>{Tq{N)t). Thus the map (p is surjective. 
Now we deduce from Proposition in p.505] that the natural maps 


(n Q'l Q1n,n,o /ro(A) ^ Q°^/SL 2 (Z) and 

^ ’ Qn,n,n/'^o(N) ^ Q^/SL 2 (Z) (when A = 3 (mod 4)) 

are well-defined and bijective. 

From [8], we have the following formula for the number of fixed points of Wn on Ao(A): 


i/(A) = #Tn = SnH-AN), 
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where h{—AN) denotes 7 ^Q 4 jy/SL 2 (Z) and 

' 2 , \iN = 7 (mods) 


5n = < 

Since it is well-known that 
(2.4) h{-m) = 


g, if = 3 (mod 8) and N > 3, 
1, otherwise. 


h{-N), UN = 7 (mods) 

3h{—N), if = 3 (mod 8) and N > 3, 


we have = H^Qn-, and hence 4> is a bijection. 

Now we will hnd ro(A^)-inequivalent fixed points in by hnding ro(A^)-inequivalent qua¬ 
dratic forms in which can be obtained by pulling back the reduced forms in Q 4 ^/SL 2 (Z) 
and Q^/SL 2 (Z) through the maps (12.31) . Before providing an algorithm, we need the following 
lemma. 


Lemma 2.2. For a fixed positive integer N we let d be a positive integer such that —d is 
congruent to a square modulo AN. We choose an integer fi with —d = (mod 4Ai). Then the 
following statements are true. 

(1) Given a primitive quadratic form Q £ there exists a quadratic form [a,b,c] which is 
SL 2 {'T,)-equivalent with Q and gcd{a,N) = 1. 

(2) Let K be a solution to the linear congruence equation 2aX + b= —jS (mod 2N) and set 
[A, B, C] := [a, 6, c] o (. Then [A., B, C] belongs to Qd,N,i3- 

Proof. (1) follows from [6l Lemma 2.3 and Lemma 2.25]. 

(2) First we note that b and fi have the same parity since —d = 6^ — 4ac and —d = /3^ (mod 4A^). 
Thus we obtain that 2 = gcd(2a,2A^) | (—/3 — b), which guarantees that the linear congruence 
2aX + b = —fi (mod 2N) is solvable. Since B = —2aK — b = fi (mod 2N) and C = a, we must 
have 

-AAa =-AAC =-d-B'^ = - B^ = 0 (mod 4Ai), 

which yields that A^|^ since gcd(a, A^) = 1. Hence one has [A,B,C] G Qd,N,i3^ as desired. □ 

Now we summarize the procedures explained in the above as the following algorithm. 

Algorithm 2.3. The following steps implement an algorithm to find Tq{N)- inequivalent fixed 
points ofWjsf: 

STEP 1. Set {d,fi) = (4A,0) or {d, fi) = {N,N) (when N = 3 (mod A)). 

STEP 2. Starting from a reduced form satisfying (12.2p we first find a quadratic form 
[a,b,c] which is SL 2 {T,)-equivalent with and gcd{a,N) = 1. 

STEP 3. Set [A,B,C] := [a,b,c] o where K is a solution to the linear congruence 

equation2aX -\-b= —fi (mod 2N). Then \A,B,C] belongs to Qd,N,p- 

STEP 4. Let r = ~^ 2 A^ ’ ro(Ai)r gives a fixed point ofWjq. 


3. WEIERSTRASS POINT ON Xq{N) ARISING FROM THE FIXED POINTS OF AtKIN-LeHNER 

INVOLUTIONS 

First, we recall Schoneberg’s Theorem |20j as follows. 
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Theorem 3.1. ([20]) Let g be the genus of the modular curve X(r) of a congruence subgroup F 
o/SL 2 (Z) and let M be an element of the normalizer ofT in SL 2 (M) and p be the exponent of M 
modulo r. Let g* be the genus of the quotient space X(T)/{M) by the subgroup (M) generated 
by M modulo F. Then t is a Weierstrass point on X(F) provided that 

9* / l9/p\ ■ 

([xj denotes the largest integer not greater than x.) 

By using the formula in Proposition 12.11 and Schoneberg’s Theorem, we have the following: 

Lemma 3.2. Let t be a fixed point ofWq on Xo{N) with go{N) > 1. If v{Q) > 4, then t is a 
Weierstrass point of Xq{N). 

Proof. By Theorem 13.11 r is a Weierstrass point of Xq{N) if 

go{N) - 2g+^{N) > 1 

which is equivalent to that r'(Q) >4. □ 

Note that r'(X') = Sj\fh(—4N) and there exist only finitely many N such that h(—4N') < 4. 
By using these facts, Lehner and Newman |16] have shown that the fixed points of Wn are 
Weierstrass points on Xq{N) except possibly for finitely many N. However they didn’t specify 
such possible N’s, and hence we list them in Lemma 13.31 By Proposition 13.111 which we will 
prove later, we have the following: 


Lemma 3.3. The fixed points ofWj^ are Weierstrass points on Xq{N) with go{N) > 1 except 
possibly for the following values for N: 


22, 28, 30, 33, 34, 37, 40, 42, 43, 45, 46, 48, 52, 57, 58, 60, 64, 
78, 82, 85, 88, 93, 97, 100, 102, 112, 130, 133, 142, 148, 163, 
232, 253. 


67, 70, 72, 73, 
177, 190, 193, 


From now on, if Q\\N and N = QM, we always assume M > 1. By Proposition 12.11 and 
Lemma 13.21 we have the following results. 


Lemma 3.4. Let 2||A^ and N = 2M. Then we have the following. 

(1) iz{2) = 0 if and only if M has a prime factor p with p = 7 (mod 8) or prime factors q, r 
with q = 3 (mod 8) and r = 5 (mod 8). 

(2) If z/(2) 7 ^ 0, then 

n{2) = 6o,s,2^°+^^ + 6o,s,2^°+^\ 

where sq, si and S 2 are the numbers of prime factors p of M with p = 1 (mod 8), p = 3 
(mod 8) and p = 5 (mod 8) respectively, and 6ij is the Kronecker delta function. 


Proof. Since h{—8) = 1, 


p|M 


-8 


‘'p)=nL+ w +nL+ w 


p 


p\M 


-4 


P 


Since 


/—8\ ( 1, p=l,3 (mod 8) 
VP/ P = 5,7 (mod 8) 
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and 

1, p = 1 (mod 4) 

— 1, p = 3 (mod 4) ’ 

our result follows. □ 



Lemma 3.5. Let 3||A^ and N = 3M. Then we have the following. 

(1) u(3) = 0 if and only i/8|M or M has a prime factor p with p = 5 or 11 (mod 12). 

(2) If u(3) 7 ^ 0, then 

u(3) = 2*+\ 

where s is the number of prime factors p of M with p=l or 7 (mod 12). 


Proof. If 8|M, then u(3) = 0 because 


-3 

T 


= —1. Suppose 8 I M. Since h{—12) = 1, 


p\M 


-3 


K3)=n ^ ^ 


p\M 


-3 


Since 

/ —3\ _ f 1, p = 1, 7 (mod 12) 

|-1, p=5,ll (mod 12) 

for an odd prime p, the condition of u(3) > 0 follows. If u(3) > 0, then 



□ 


Lemma 3.6. Let 4||A^ and N = AM. Then has always a fixed point on Xq{N). Let s and t 
denote the numbers of prime factors p of M withp= 1 (mod 4) andp = 3 (mod 4) respectively. 
Then we have the following: 

’ ift>0 

[OpfellM + 2^ ift = 0. 

Proof. It follows directly from Proposition 12.11 □ 

By using lemmas 13.4113.51 and 13.61 we have the following result: 

Theorem 3.7. Let Q\\N and N = QM. Suppose i^{Q) > 0. Then the fixed points of Wq are 
Weierstrass points of Xq{N) for each of the followings: 

(1) Q = 2; So > 1 and si = S 2 = 0, sq + si > 2 or sq + S 2 > 2 where sq, si and S 2 are the 
numbers of prime factors p, q and r of M with p = 1 (mod 8), q = 3 (mod 8) and r = 5 
(mod 8) respectively. 

(2) Q = 3; s > 1 where s is the number of prime factors p of M with p = 1, 7 (mod 12). 

(3) Q = A; M is not a square-free integer with M ^ 9 or M is square-free and 6s + 4t > 11 
where s and t are the numbers of prime factors p and q of M with p = 1 (mod 4) and 
q = 3 (mod 4) respectively. 
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Proof. (1) and (2) follow immediately from Lemma 13.41 and Lemma l3.51 

For (3), if M is not a square-free integer with M ^ 9, then one can check easily that z/(4) > 4 
by Lemma 13.61 If M is square-free, then by Lemma 13.61 


K4) 


2"+*, if t > 0 
2^+1, ift = 0. 


One can check easily that z^(4) >4 if and only if 6s -|- 4t > 11. 


□ 


Now we deal with the case when Q > 4. For that we need the following result. 

Proposition 3.8. Let Q\\N and N = QM. If Q > 3, then the following statements are 
equivalent. 

(1) Wq has a fixed point on Xq{N). 

( (Dx V \ 

Nz Qxj det(IFQ) = Q. 

(3) = —Q (mod N) has a solution. 

(4) ( —^ ) = 1 for any odd prime p\M, and Q = 3 (mod 4) i/4||M and Q = 7 (mod 8) if 


V P 

8|M. 

Proof. (1)^(2) : Suppose Wq = Qu^ with det(ILQ) = Q and Wq has a fixed point 

on Xq{N). Then there exists t G S) such that Wqt = yr for some 7 G Fo(X). Since 
defines the same partial Atkin-Lehner involution, one may assume that IFqt = t by changing 
coefficients x,y,z,w of Wq. Then the matrix Wq is elliptic, and hence \x + w\^/Q < 2. Since 
Q>3, x + w = 0 and the result follows. 

(2) =^(3) : Suppose Wq = -Qx) det(WQ) = Q. Then det(WQ) = -(Qx)^ - 

Nyz = Q, and hence Qx is a solution of = —Q (mod X). 

(3) ^(2) : Suppose X^ = —Q (mod N) has a solution, say xq. Since gcd((5) LI) = 1, one can 
choose Q' so that QQ' = 1 (mod M). Then QQ'xq is a solution of X^ = —Q (mod N) which 
is divisible by Q. Letting x = Q'xq, {Qx)"^ = —Q — Nyz for some y,z, and hence the matrix 


nI 4,) h-det(iro) = «. 

(2)=^(1) : Since Wq = with det(IFQ) = Q is elliptic, it has 


and hence has one on Xo(X). 

( 3 ) 74 ( 4 ) : It follows from [5l Ch.9, Theorem 9.13]. 


a fixed point in ij, 


□ 


Definition 3.9. For (5||X, if one of the equivalent statements of Proposition 13.81 is satisfied, 
then we call that {N]Q) satisfies the elliptic condition. 

From Proposition 12.11 and Proposition 13.81 we have the following: 
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Lemma 3.10. Let (5||A^ and N = QM. Suppose Q > 4 and {N-,Q) satisfies the elliptic 
condition. Then the following holds: Let s he the number of prime divisors of M and 


OiN 


'l, if2\N or2\\N, 
< 2, if4\\N, 

,3, i/8|iV. 


(1) If Q = 7 (mod 8) or Q = 3 (mod 8) and N is odd, then 

u{Q) = 2^{aNh{-4Q)+h{-Q)). 

(2) If Q = 1 (mod 4) and N is even, then 

u(Q) = 2^-^h{-4Q). 

(3) If Q is even, or Q = 3 (mod 8) and N is even, or Q = 1 (mod 4) and N is odd, then 

n{Q) = 2^h{-4Q). 


Proof. If Q is even, then M is odd, and hence ci{p) = 2 for all p\M. Thus v{Q) = 2^h{—4Q). 
This equality holds for the cases of Q = 1 (mod 4) and N is odd because M is odd. If Q = 1 
(mod 4) and N is even, then M is even and ci(2) = 1. Thus n{Q) = 2^~^h{—4Q). Consider 
the case Q = 3 (mod 4). If is odd, then so is M, and ci{p) = C 2 {p) = 2 for all p\M. Thus 
n{Q) = 2^ {h{—4Q)+h{—Q)). IfQ = 7 (mod 8) and N is even, then M is even, and ci(2) = 2a]\f, 
C 2 ( 2 ) = Ci{p) = 2 for all odd prime p\M and i = 1,2. Thus n{Q) = 2^{aNh{—4Q) + h{—Q)). 
If Q = 3 (mod 8) and N is even, then M is even, and C2(2) = 0, ci{p) = 2 for all p\M. Thus 
v{Q) = 2^h{-4Q). □ 


For getting the condition that n[Q) > 4, we need to determine the values for Q with small 
h{—Q) and h{—4Q). Recall that if dx is the (fundamental) discriminant of an imaginary qua¬ 
dratic field K, then h{dK) is equal to the class number of K, i.e. h{dK) = h{OK) where Ok 
is the ring of integers of K and h{OK) is the order of the ideal class group of Ok- On the 
other hand, if d = f'^dx is the discriminant of a primitive quadratic form with / > 1, then 
h{d) = h{0) where O is the order of conductor / in K (cf. [6]). Note that d is a fundamental 
discriminant if and only if one of the following statements holds: 

• d = 1 (mod 4) and d is square-free, 

• d = 4m where m = 2 or 3 (mod 4) and m is square-free. 

The complete list of fundamental discriminants of class number 1 is as follows: 

(3.1) - 3, -4, -7, -8, -11, -19, -43, -67, -163. 

This is accomplished independently by Heegner m, Baker [3] and Stark [21] . The non¬ 
fundamental discriminants of class number 1 are as follows: 


(3.2) - 12,-16,-27,-28. 

Thus h{—Q) = 1 if and only if Q G S'!, where 

Si = {3,4,7,8,11,12,16,19,27,28,43,67,163}. 

The determination of fundamental discriminants of class number 2 was done again by Baker [4] 
and Stark [22]. 
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Now consider the condition that > 4. Due to (j2.4p and Lemma 13.101 it suffices to 

determine the values for Q such that h{—Q) = 1 and h{—AQ) = 2,3,4. For the purpose, we 
refer to a paper by Klaise m in which all the orders of class number 2 and 3 are determined 
and an algorithm to find all orders of class number up to 100 is suggested. Let 

S 2 = {5, 6,8, 9,10,12,13,16,18, 22, 25,28, 37, 58}, 

Ss = {11,19,23,27,31,43,67,163}, 

Sa = {14,17,20,21,24,30, 32, 33,34, 36, 39,40,42,45,46,48,49, 

52,55,57,60,63,64, 70, 72, 73, 78, 82,85, 88, 93,97,100,102, 

112,130,133,142,148,177,190,193,232,253}. 

By using the result in |12] and some computations of the orders of class number 4 we have 
the following: 

Proposition 3.11. The list of Q with /i(—4Q) = 2,3,4 is completely determined as follows: 

h{—4:Q) = i if and only if Q G Si for i = 2,3, 4. 

By Proposition 13.111 we have the following result: 

Theorem 3.12. Let Q\\N and N = QM. Suppose that Q > 4 and {N,Q) satisfies the elliptic 
condition. Let s denote the number of prime divisors of M. 

(1) When Q = 7 (mod 8) or Q = 3 (mod 8) and N is odd, 

a) if Q 7 ^ 7, then all the fixed points ofWg on Xq{N) are Weierstrass points, and 

b) ifQ = 7 and 4|A^ or s > 1, then all the fixed points ofWj on Xq{N) are Weierstrass 
points. 

(2) When Q = 1 (mod 4) and N is even, 

a) if Q ^ S 2 G) Sa, then all the fixed points of Wq on Xq{N) are Weierstrass points, 
and 

b) if Q G S 2 and s > 2 or Q G Sa and s > 1, then all the fixed points ofWq on Xq{N) 
are Weierstrass points. 

(3) In the other cases, 

a) if Q ^ S 2 , then all the fixed points ofWq on Xq{N) are Weierstrass points, and 

b) if Q G S 2 and s > 1, then all the fixed points of Wq on Xq{N) are Weierstrass 
points. 

Proof. (1) From Lemma 13.101 we need to consider Q such that h{—4Q) + h{—Q) = 2. By 
Proposition 13.11} one can check that the only Q = 7 such that h{—4Q) + h{—Q) = 2. In the 
case of Q = 7, if 4|A^ or s > 1, then v{7) > 4, and hence the result follows. 

(2) From Lemma 13.101 we need to consider Q such that h{—4Q) < 4. By Proposition 13.111 
one can check that there don’t exist Q = 1 (mod 4) such that h{—4Q) = 1,3, and hence the 
result follows. 

(3) From Lemma [3.101 we need to consider Q such that h{—4Q) < 2. However by Proposition 

13.111 one can check that there don’t exist such a Q that h{—4Q) = 1 in these cases. Therefore 
the result follows. □ 
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4. Computations for the exceptional cases 


In this section, we completely determine when the fixed points of the full Atkin-Lehner invo¬ 
lution Wisf are Weierstrass points on Xq(N) including the exceptional cases listed in Lemma [3.,31 
From now on, we always assume that N is one of those integer values. Let r G so that 
[r] := ro(A^)r € Xq{N) is a fixed point of Wn- Let {fi, f 2 , ■ ■ ■, fg} be a basis of the cusp- 
form space S 2 {N) of weight 2 on ro(A^), where g is the genus of Xq(N). Then the differentials 
LJi := fidz form a basis for the holomorphic differentials on Xq{N). Since ord[ 7 -](ti;i) = ord[.r](/i)) 
we will compute the Weierstrass weight of [r] by using the /*. In general, it is very difficult to 
compute the explicit forms of the /*, and hence we will use the Fourier expansions at the infinite 
cusp oo of the fi which can be easily computed by using the computer algebra system including 
Sage. 

In general, the orders ord[T-](/j) do not satisfy the following: 

(4.1) 0 = ord[^](/i) < ord[^](/ 2 ) < • • • < oid[r]{fg). 

However, any basis satisfying (|4.ip can be expressed as a linear combination of the fi, and hence 
we have the following result: 


Lemma 4.1. Let [r] be a fixed point oJWn on Xq{N), and let {/i, / 2 ,..., fg} be a basis of the 
eusp form space S 2 {N) of weight 2 on Fo(A^). Then [r] is a Weierstrass point of Xq{N) if and 


only if det{A) = 0, where A 




is a g X g matrix with 1 < i,j < g. 


Proof. First we consider the Taylor expansions of fi{z) at z = t for i = 1,..., g, which are given 
by 

fi{z) = /i(t) -F f[{r){z -t) + --- + (z - + ■■■ 

f 2 (z) = /2(t) -F /2(t)( 2 - r) -h • • • -k (z - + ■■■ 


fg(^) = fgiT) + fgiT)iz + + -T-y ^ -h • • • . 

By applying the elementary row operations to the above expansions we can hnd cusp forms 
hi,h2, ■ ■ ■ ,hg which are linear combinations of /i, / 2 ,..., /g with Taylor expansions of the form 

hi{z) = hi{T) + h[{T){z - t) + ■ ■ ■ + + ■ ■ ■ 

Mz) = lifirfiz - t) + ■ ■ ■ + {z - + • • • 


hg{z) 


( 5 - 1 )! 
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that satisfy 


0 = ordp(a;i) < ordp(w 2 ) < • • • < ordp(a;g), 

where P = [r] and oji = hidz for i = 1,... ,g'. Thus we see that det(^) 
some nonzero constant c and observe that 

det(A) = 0 ordp(wj) > j for some j 

wt(P) > 0 


P is a Weierstrass point. 


cnf=i 




for 


□ 


Now we estimate the value 
where z ^ S) and q = Note that 


® by using the Fourier expansion of fi at oo /* = Yln=i 


(4.2) 


^ {2mny ^ / N n| 


O' - 1)! 0 - 1)! 


Since = e 27rim(T)^ need to find t' € [r] whose imaginary part is as big as possible for 

the fast convergence of the right side of (14.2p . We will consider an algorithm to find t' £ [r] so 
that Im(T') is the biggest. Note that Im(Q:(r)) = for a = (“ ^) £ ro(N'). Thus it suffices 

to find a pair (c, d) with c = 0 (mod N) and gcd(c, d) = 1 so that |cr + d| is the smallest. Let 
T = X + iy with x, y £ M. Since |cr + dp = (cx + d)^ + (cy)^ < 1, there are only finitely many 
such pairs (c, d) because |c| < -pr and |cx + d| < 1. 


We summarize the procedures explained in the above as the following algorithm. 

Algorithm 4.2. The following steps implement an algorithm to find t' £ [r] so that Im(r') is 
the biggest. 

STEP 1. Set m = [l/|y|] the largest integer not greater than l/|y|. 

STEP 2. For each c with —m < c < m and c = 0 (mod N), set Ic = [—1 —cx] and Uc = [1 —cx]. 
STEP 3. Pick a pair (co,do) so that |coT + do| is the smallest among |cr + d| where —m < c<m 
and Ic < d < Uc with gcd(c, d) = 1. 

STEP 4. Set r' = 

We list the fixed points of Wn in Table [T] by using Algorithm 12.31 and Algorithm 14.21 By 
using Lemma l4.ll we can confirm that there are no Weierstrass points on Xq(N) arising from 
the fixed points of Wn- We have used Sage, Maple, and Mathematica for the numerical 
computations. 


Table 1: Fixed points of Wat on Xo{N) 


N 


fixed points of Wat 


22 

28 



_J. + 



vEZ 

154 














30 

33 

34 

37 

40 

42 

43 

45 

46 

48 

52 

57 

58 

60 

64 

67 

70 

72 

73 

78 

82 

85 

88 

93 

97 

100 

102 

112 

130 

133 

142 

148 
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172 ’ 4 ^ 172 ’ 2 ^ 86 

11 I 4 I 

30 ’ 14 210 ’ 7 105 

^ 3 I ^=46 

5 


_ 4 - 3 

25 ^ 1150 ’ 5 ^ 


230 ’ 


230 




17 ^ 442 ’ 7 

_15 I 
114 ’ 22 


14 


690 ’ 19 

_L _4 I 

’ 17 “*■ 136 ! 5 


v/^ 10 I 

570 ’ 17 510 



J. _L vEl _ J. _L 
19 228 ’ 17 


1330 ’ 17 ' 1190 

J. I 

204 ’ 11 132 


4 I ^/^ _4 , ^/^ 
511 ’ 7 



1 _22 _6_ I 7_ 

loy^’ 29 290 ’ 13 130 ’ 13 130 

1 26 I y^T02 25 I V^T02 19 , v^^T02 

^^102’ 53 5406 ’ 37 3774 ’ 23 2346 

1 _15 I 13 I _T_ I 

4^37’ 29 812 ’ 23 644 ’ 11 308 

1 33 I y=T30 25 I V=T30 16 , v'^TSO 

^/3i3o’ 67 8710 ’ 31 4030 ’ 23 2990 

1 1 I ^/=T33 15 I v/=T33 11 I V=T33 

v^Vi33! 2 ^ 266 ’ 26 3458 ’ 13 1729 

1 36 , ^=142 10 , V=T42 10 , v^=T42 

v^Vi42’ 73 10366 ’ 11 1562 ’ 11 1562 

1 I _]1) I 10 I 

27337! 41 3034 ’ 19 1406 ’ 19 1406 
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163 

177 

190 

193 

232 

253 


1 3 I v^^T63 3 , 1 I V=T63 

y/3i63> 4 652 ’ 4 652 ’ 2 326 

1 1 , V=T77 41 , V=T77 10 , ^=177 

^3177’ 2 354 ’ 62 10974 > 31 5487 

1 ^ I V-190 _26 I V-190 26 , V-190 

y/^igo’ 97 18430 ’ 43 8170 ’ 29 5510 

1 1 I V^T93 8 I v^^T93 8 I v^^T93 

^3193) 2 386 ^ 11 2123 ’ 11 2123 

1 I \/-58 23 I \/-58 23 , v/-58 

59 6844 ’ 37 4292 ’ 31 3596 

1 1 I 31 I 14 I 

2 506 ’ 34 8602 ’ 17 4301 


Acknowledgments. We would like to thank KIAS (Korea Institute for Advanced Study) 
for its hospitality while we have worked on this result. Daeyeol Jeon would like to thank Brown 
University for its hospitality during his sabbatical year. 

References 

[1] A. O. L. Atkin, Weierstrass points at cusps o/ro(n), Ann. Math., Second Series, 85 No.l (Jan. 1967), 42-45. 

[2] S. Ahlgren and K. Ono, Weierstrass points on Xo{p) and supersingular j-invariants, Math. Ann., 325 (2003), 
355-368. 

[3] A. Baker, Linear Forms in the logarithms of algebraic numbers I, Mathematika, 13 (1996), 204-216. 

[4] A. Baker, Imaginary quadratic fields with class number 2, Ann. Math., 94 (1971), 139-152. 

[5] D. Burton, Elementary Number Theory, McGRAW-Hill, 2011. 

[6] D. A. Cox, Primes of the form + ny^: Fermat, Class Field Theory, and Complex Multiplication, John 
Wiley & Sons, Inc., New York, 1989. 

[7] C. Delaunay, Critical and ramification points of the modular parametrization of an elliptic curve, J. Theor. 
Nombres Bordeaux 17 (2005), no. 1, 109-124. 

[8] M. Furumoto and Y. Hasegawa, Hyperelliptic quotients of modular curves Xo{N), Tokyo J. Math. 22 (1999), 
105-125. 

[9] Gross, B., Kohnen, W., Zagier, D.: Heegner points and derivatives of L-series. II. Math. Ann. 278, 497-562 
(1987). 

[10] K. Heegner, Diophantische Analysis und Modulfunktionen, Math. Zeit. 56 (1952), 227-253. 

[11] B.-H. Im, D. Jeon and C. H. Kim, Weierstrass points on certain modular groups, (2014), preprint. 

[12] J. Klaise, Orders in quadratic imaginary fields of small class number, preprint.x‘x‘ 

[13] K. Kilger, Weierstrass points on Xo{pl) and arithmetic properties of Fourier coefficients of cusp forms, 
Ramanujan J. 17 (2008), 321-330. 

[14] W. Kohnen, Weierstrass points at cusps on special modular curves, Abh. Math. Sem. Univ. Hamburg 73 
(2003), 241-251. 

[15] W. Kohnen, A short remark on Weierstrass points at infinity on Xo{N), Monatsh. Math. 143 (2004), 163- 
167. 

[16] J. Lehner and M. Newman, Weierstrass points ofFoiN), Ann of Math. (2) 79 (1964), 260-368. 

[17] A. Ogg, Weierstrass points of Xo{N), Illinois J. Math. 22 (1978), 31-35. 

[18] K. Ono, The web of modularity: arithmetic of the coefficients of modular forms and q-series, CBMS Regional 
Conference Series in Mathematics 102, Amer. Math. Soc., Providence, RI. 2004. 

[19] D. Rohrlich, Weierstrass points and modular forms, Illinois J. Math. 29 (1985), 131-141. 

[20] B. Schoneberg, Uber die Weierstrasspunkte in den Korpern der elliptischen Modulfunktionen, Abh. Math. 
Sem. Univ. Hamburg 17 (1951), 104-111. 

[21] H. M. Stark, A complete determination of the complex quadratic fields of class number one, Michigan Math. 
J., 14 (1967), 1-27. 

[22] H. M. Stark, On complex quadratic fields with class number two. Math. Comp., 29 (1975), 289-302. 















































NOTES ON WEIERSTRASS POINTS OF MODULAR CURVES Xo{N) 


15 


Bo-Hae Im, Department of Mathematics, Chung-Ang University, 84 Heukseok-Ro, Dongjak-Gu, 
Seoul 156-756, South Korea 
E-mail address- imbh@cau.ac.kr 

Daeyeol Jeon, Department of Mathematics education, Kongju National University, 56 Gongjudaehak- 
RO, Gongju-si, Ghungcheongnam-do 314-701, South Korea 
E-mail address : dyj e on@kong j u. ac. kr 

Ghang Heon Kim, Department of Mathematigs, Sungkyunkwan University, Suwon 440-746, South 
Korea 

E-mail address-, chhkim@skku.edu 


